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Abstract 
Caro, Y. and Z. Tuza, Bounded degrees and prescribed distances in graphs, Discrete Mathematics 
111 (1993) 87-93. 
Let X = {x1, ., x,,,} and Y= { J’~,. ,y,,_} be two disjoint sets of vertices in a graph G. Then (X, Y) is 
called an antipodal set-pair ofsize m (m-ASP, for short) if the distance of xi and yj is at most two if and 
only if i #j. We prove that in a graph of maximum degree k every m-ASP has size m < k(k + I)/2 + 1. 
This upper bound is nearly best possible since, for every k > 2, there exists a regular graph of degree 
k, with an m-ASP, m>k(k+l)/2 (and m=k(k+1)/2+1 when k=O or 1 (mod4)). 
If the degrees of the xi and y, are bounded above by p and q, respectively, then an m-ASP can exist 
only for m<(p+qP+’ ). We conjecture that this bound ckn be improved to m<(Pi4), and verify this 
conjecture when the graph satisfies some additional assumptions. 
1. Introduction 
Let G = (V, E) be a simple graph with vertex set V and edge set E. For two vertices 
x, X’E V, denote by d(x, x’) the distance of x and x’ (= the number of edges in a shortest 
x-x’ path), by N(x) the set of vertices adjacent to x, and by d(x) = 1 N (x)1 the degree 
of x. 
Two disjoint vertex sets X = {x1, . . , x,} and Y= { y,, . . . , y,,,} of the same cardinal- 
ity m are said to form an antipodal set-pair of size m (m-ASP, for short) if 
d(xi,yi)Z3 and d(xi,yj)~2 for i#j. (*) 
Graphs with large ASPS can also be viewed as variants of antipodal graphs, in 
which a subgraph (the ASP) has been embedded to obtain a ‘polarized’ antipodal 
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substructure; i.e. (*) is a restriction on the X-Y pairs only, and xi may or may not be 
close to some xj. Moreover, the subgraph induced by an m-ASP need not satisfy (*). 
In this note we raise and investigate the problem how large m-ASP can a graph 
have when some degree conditions are imposed on the vertices. One of the open 
questions is the following. 
Conjecture 1.1. If (X, Y) is an m-ASP, and d(x)<p and d(y)dq hold for all xcX and 
YE Y for some natural numbers p and q, then m<(Pz4). 
The following simple construction shows that, if true, the upper bound of (pGq) in 
Conjecture 1.1 is sharp. Let W be a set of p+ q elements, and take two further sets, 
X={x 1 ,..., x,,,} and Y={y, ,..., y,}, each of cardinality m = (rfq), disjoint from each 
other and also from IV. Denoting by Pi, . . . . P, and Q1, . . . . Q,,, the p-subsets and 
q-subsets of W, respectively, and assuming that Pi= W\Qi for 1~ i<m, let G be the 
graph with vertex set Wu X u Y, in which the neighborhoods are defined as N (Xi) = Pi 
and N (yi) = Qi for all i< m. In this graph, (X, Y) is an m-ASP of size (piq), verifying the 
sharpness of Conjecture 1.1. 
In Section 2 we prove the following weaker upper bound on the size of m-ASPS. 
Theorem 1.2. Under the assumptions of Conjecture 1.1, 
m<min{(P+z+ ‘),(p+i+ ‘)i. 
The sharper bound given in Conjecture 1.1 can be proved when the graph satisfies 
some further requirements. For this purpose, denote by B(X, Y) the bipartite graph 
formed by the X-Y edges of the graph in question. 
Theorem 1.3. Let (X, Y) be an m-ASP, and suppose that d(x) <p and d(y)< q hold for 
all XEX and YE Y for some natural numbers p and q. If B(X, Y) has minimum degree 
6 and maximum degree A, then m <(2A (p + 1 - 6)+ l)(p+;-6). In particular, if G 
contains no X-Y edges, or if B(X, Y) is d-regular with 6 = A =d and 
2dpdexp(l+(p-l)(p+2q-2d+2)/4d), then m<(Pzq). 
It can be seen from the proof that the upper bound can be sharpened e.g. when we 
have different bounds A(x) and A(y) for the maximum degrees of X and Yin B(X, Y). 
Moreover, the estimates of Theorems 1.2 and 1.3 can be extended for some other 
(weaker) types of degree and distance constraints; these possibilities will be discussed 
at the end of the paper. 
Probably the most interesting variant of the problem of finding sharp estimates on 
the size of m-ASPS is when one considers the class of graphs of bounded maximum 
degree. Sections 3 and 4 are devoted to this question, where we prove the following 
nearly sharp result. 
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Theorem 1.4. In a graph of maximum degree k, the size of an m-ASP is at most 
k(k + 1)/2 + 1. Moreover,,for every k = 0 or 1 (mod 4) there is a k-regular graph with an 
(induced) m-ASP of size k(k + 1)/2 + 1, and for k = 2 or 3 (mod 4) there is a k-regular 
graph with an m-ASP of size k(k+ 1)/2. 
It remains an open problem to decide whether the maximum value of m is k(k + 1)/2 
or k(k+ 1)/2 + 1 when k- 2 or 3 (mod 4). We note that for k =2 the maximum is 
m=4= k(k + 1)/2+ 1, attained by the g-cycle with vertices in the following order: 
~1~~2,~4~~1,~3~~4,~2,~3~ 
Theorem 1.4 also shows that k-regular antipodal set-pairs can be larger than 
k-regular antipodal graphs of diameter three. (For the number of vertices in the latter, 
k2/2+ 1 is an obvious upper bound.) 
2. Bounded degrees in antipodal set-pairs 
In this section we prove Theorems 1.2 and 1.3, the results in which we have 
prescribed bounds only for the vertices belonging to the m-ASP, and the degrees of the 
other vertices in the graph G can be arbitrarily large. Throughout, the m-ASP is 
denoted by (X, Y), with X=(x1, . . . . x,} and Y= (yr, . . . . y,}. 
The main tool in the proofs is the following important result of Bollobas Cl]. 
Lemma 2.1 (Bollobas [ 11). JfAi and Bi (1 did m) arejinite sets such that 1 Ail <a and 
1 Bil< bfor some nonnegative integers a, b for all i, and Ai n Bj = 8 if and only if i = j, then 
mG(“zb). 
Proof of Theorem 1.3. For the vertices of the m-ASP (X, Y), define sets Ai = N (xi) and 
Bi = N ( yi) u { yi}, 1 d i < m. Then ( * ) implies that the assumptions of Lemma 2.1 are 
satisfied with a = p and b = q + 1. Thus, m 6 (,‘z’ ‘). The inequality m d (,+;+ ‘) follows 
in a similar way, interchanging the roles of X and Y. 0 
To prove Theorem 1.2, we need the following generalization of Lemma 2.1. (The 
chromatic number of a graph H will be denoted by x(H).) 
Lemma 2.2. Let Ai and Bi (1 d id m) bejnite sets such that I Ai I <a and I Bil < bfor some 
nonnegative integers a and b, and Ai A Bi = @ f or all i. De$ne H as the graph with vertex 
set { 1, . ..) m} and edge set {ijl AinBj=~ or AjnBi=@, i#j}. Then m<x(H)(“zb). 
Proof. By the definition of x(H), there is a partition II u ... ul,= (1, . ., m} into 
t =X(H) classes such that each subfamily Sj= { (Ai, Bi) I iElj} (1 <j< t) satisfies the 
assumptions of Lemma 2.1. Consequently, I Sjl <(“ib) for all j< t, implying the upper 
bound. 0 
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We note that in Lemma 2.2 x(H) can be replaced by thefractional chromatic number 
x*(H), defined as follows. A function f is a fractional coloring if it assigns nonnegative 
realsf(Z) to the independent sets I of H and has the property that CU,rf(Z) 3 1 holds 
for every vertex v. Then X*(H)=infsCIf(I), where the infimum is taken over all 
fractional colorings f: Clearly, x*(H) d x(H), and in many cases strict inequality holds, 
yielding a better upper bound in Lemma 2.2. Similar improvements can be achieved 
for other types of set-pair systems as well (cf. [2]). 
Proof of Theorem 1.3. Consider the sets Ai = N(xi) and Bi = N (yi)\X, 1 <i < m. Then 
the condition Ai n Bj#0 means that there is a path of length two between xi and 
yj with no edge contained in X. Let us count the number of paths P, incident to 
a particular pair {Xi,yi}, that violate this condition: 
(a) There are at most 24 of these P with just one edge (incident to Xi or yi), by the 
degree assumption on B(X, Y). 
(b) Since Xi has at most p - 6 neighbors in X, each of them being adjacent to at most 
A X-Y edges, the number of paths P with an edge xix (xEX) cannot exceed A(p-6). 
(c) Similarly, yi has at most A neighbors XEX, each adjacent to at most p-6 other 
vertices x’EX, so that the number of paths P starting at yi and having an edge inside 
X cannot be larger than A(p- 6). 
Summing up the ‘bad’ cases described above, we conclude that, for each pair 
(A,,Bi), there are at most 2A(p-6+1) pairs (Aj,Bj) with AinBj=(b or AjnBi=@, 
i #j. Hence, the chromatic number of the graph H defined in Lemma 2.2 is not larger 
than 2A(p-6 + 1) + 1, and the upper bound follows since we have 1 Ail dp and 
lBil <q - 6. The statement involving d-regular B(X, Y), d 20, is obtained by sub- 
stituting 6 = A = d. 0 
3. The upper bound for regular graphs 
In this section we verify the upper bound given in Theorem 1.4, i.e. that no m-ASP 
(X, Y),X={xI ,..., x,} and Y={y, ,..., ym}, has size larger than k(k + 1)/2 + 1 in any 
graph G of maximum degree k. To show this, denote by F the subgraph of G induced 
by X u Y, by H the subgraph of G formed by the edges having precisely one vertex in 
Xv Y, and let f and h be the number of edges in F and H, respectively. Clearly, each 
X-Y path of length at most two belongs entirely either to F or to H. 
Lemma 3.1. The number of pairs xiyj whose distance in F is at most two cannot exceed 
(k + l)fP 
Proof. Let us introduce the following notation: ui= 1 N(xi)n X 1, bi= I N(xi)n YI, 
ci=lN(yi)nXI, di=IN(yi)nYI (l<i<m). Since G has maximum degree k, 
ui+ bi < k and ci+did k for every i. Moreover, the number of X-Y edges is 
Cl<i<rn bi=Cr<i<rn ci. 
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Each X-Y edge provides just one pair Xiyj at distance one. Any other pair at 
distance at most two is adjacent by a 2-edge path whose internal vertex is some Xi or 
yi. Hence, the total number of the latter can be estimated by the sum of products aibi 
and cidi. Consequently, the number of pairs Xiyi at distance 62 is at most 
1<~cm(hi+ci)/2+ 1 aibi+ 1 cidi 
. . l<iCm lSi<m 
=,<F<, tbitai+ 1/2)+ci(di+ 1/2)), 
. . 
where the first sum on the left-hand side represents the X-Y edges counted from X, 
from Y, and divided by two. Since 11 <i<,,, (ai+bi+ci +di)=2f(= the degree sum in 
F), it follows that the largest upper bound is obtained when the terms on the 
right-hand side are as large as possible, with ai = bi and ci = di (if k is even), or ui = bi - 1 
and ci=di+ 1 (if k is odd). Even in this extremal case, the total sum is at most 
(2f/k)(k/2)(k/2 + 1/2)=(k+ l)f/2. 0 
Lemma 3.2. The number of pairs xiyj whose distance in H is (at most) two cannot exceed 
khl4. 
Proof. Let Z = {zl, , z,> be the set of (nonisolated) vertices of H which are not in 
Xu Y, and introduce the following notation: Ui=IN(zi)nXI, bi=IN(zi)n YI 
(1 <i < n). Since G has maximum degree k, ui + bi < k holds for every i. 
Each X-Y path of length two in H has an internal vertex in Z. Hence, the number of 
pairs Xiyj at distance two in H is at most 
1 aibi< C (ui+bi)*/4. 
1 <i<n l<i<fl 
Since 11 <iG,? (ui + bi) = h, the largest upper bound is obtained when the terms on the 
right-hand side are as large as possible, with ai + bi = k. Even in this worst case, the 
total sum is at most (h/k)(k2/4)=kh/4. 0 
Proof of Theorem 1.4. Since G has maximum degree k, the inequality 2f+ h 62mk 
holds. Moreover, the assumption ( * ) means that there are precisely m2 -m pairs Xiyj 
at distance one or two. Hence, Lemmas 3.1 and 3.2 imply 
m(m- l)<(k+ l)f/2+kh/4d(k+ 1)(2f+h)/4<mk(k+ 1)/2. 
Dividing by m, we obtain mb k(k+ 1)/2 + 1. 0 
4. Construction of large k-regular antipodal pairs 
Here we provide some constructions proving the lower bounds given in 
Theorem 1.4. Although the estimates are slightly different, depending upon the residue 
of k modulo 4, the basic idea is the same in each case. The graph G on vertex set X u Y, 
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X = {x1, . ,x,} and Y= { y,, . . . . y,}, will be defined with a cyclic structure. The 
subscripts are considered modulo m, i.e. x, + 1 =x1, etc. We describe a large (induced) 
antipodal pair in the case k = 1 (mod 4) in detail, and then indicate how the other 
residue classes can be handled. 
Construction ,for k=4t + 1. Let m= k(k+ 1)/2+ 1, m’=m/2, and let G have the 
following edges: 
YiYi*f2r+l)lt+/)7 l<jdt. 
Hence, the subscripts j closest to i, for which Xi is adjacent to yj, are 
i+m’_t(t+(2t+ 1)2t)=i+m’k(m’- 1)zi-J 1, SO that d(xi,y,)=3 but d(xi,yj)d2 
for j # i. 
The constructions for other values of k are similar, xi always has a neighborhood of 
consecutive vertices in Y. The modified parameters of these graphs are as follows. 
For k = 4t + 2, m = k(k + 1)/2, the bipartite graph B(X, Y) is (2t + 2)-regular, and the 
subgraph G [X] induced by X ~ as well as the subgraph G [ Y] induced by Y - is 
(2t)-regular. 
For k=4t+3, m=k(k+1)/2, B(X, Y) is (2t+ I)-regular, and G[X] and G[Y] are 
(2t + 2)-regular; 
For k=4t, m=k(k+ 1)/2+1, each of B(X, Y),G[X] and G[Y] is (2t)-regular. 
These graphs show that the lower bounds on the size of m-ASPS given in 
Theorem 1.4 can be attained. 0 
5. Some variants of distance constraints 
In this section we mention some modifications of the conditions (*) for which 
upper bounds similar to those in Theorems 1.2 and 1.3 can be proved. Since the results 
follow in the same way as described in Section 2, we just indicate the changes in the 
proofs, instead of giving arguments in full detail. 
(1) The conclusion of Theorem 1.2 remains valid if we assume d(xi, yj) < 2 only for 
1 d i < j d m, instead of all pairs i #j. The proof of this stronger statement applies an 
inequality proved in [3] and [4] by the methods of Lovasz [S]. 
(2) Assuming that d(xi, yj) < 2 or d(xj, yi) < 2 holds for all i #j (and d(xi, yi) > 3 for 
all i), the results of Tuza [7] imply that the number m of these pairs (xi,yi) cannot 
exceed (p+q+ 1) p+qtl/(pp(q+ l)q+l). We do not know, however, whether or not the 
ratio m/(piq) can tend to infinity as p and q get large. 
(3) These theorems can be extended for pairs of vertices at larger distances as well. 
Denoting by Nk(x) the set of vertices x’ #x at distance at most k from x, the following 
variants of Theorem 1.2 are valid. Let k, k’, p, q be natural numbers. If X = {x1, . . .,x,} 
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and Y=(y, , . . . , y,,,} are two sets of vertices in a graph such that d(xi, yj) > k + k’ if and 
only if i=j, with INk(Xi)l<p and IN,‘(yi)164 for 1 <i<m, then WI<(~+;‘~). The same 
upper bound holds if we only suppose that d(xi, yi) > k + k’ and d(xi, yj) < k + k’ for 
i < j; assuming that at least one of d(xi, yj) and d(xi, Yj) is < k + k’ for all i #j, the upper 
bound rn<(~+~+ l)p+q+l/(pp(q+ 1)4+‘) can be proved. 
(4) Further variants can be obtained, e.g. applying the results of [S], when instead 
of pairs (xi, 4‘i) one considers ordered t-tuples (.x, I 1, , xi,t) of vertices, assuming that 
the distance between any two vertices of the same t-tuple is at least three, while some 
prescribed distances (or, all distances) between vertices of distinct t-tuples are at most 
two. 
(5) If (X, Y) is an m-ASP in a graph G, with the degree constraints of Theorem 1.2, 
such that it does not satisfy the requirements of (*) anymore if we delete any one 
vertex of the graph, then the number of vertices in G is bounded above by a function of 
p and q. Fairly sharp estimates of this type can be obtained applying the results of 
C&91. 
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